Abstract. We introduce fuzzy closure systems and fuzzy closure operators as extensions of closure systems and closure operators. We study relationships between fuzzy closure systems and fuzzy closure spaces. In particular, two families F (S) and F (C) of fuzzy closure systems and fuzzy closure operators on X are complete lattice isomorphic.
Introduction and preliminaries
Closure systems and closure operators play an important role in topological spaces, lattices [2, 3, 8, 9, 11] , Boolean algebras [1, 2, 8, 11] , convex sets [1, 2, 8] , deductive systems [3, 4, 6] . Recently, Gerla et al. [1, 6, 7] studied fuzzy closure operators and fuzzy closure systems as extensions of closure systems and closure operators. They have been developed in many view points (fuzzy logic [1, 3, 4, 6, 7, 9, 11] , fuzzy subalgebra [3, 6, 7] , fuzzy congruences [6, 7] , fuzzy topologies [10, 12] ).
In this paper, we will study relationships between (fuzzy) closure systems and (fuzzy) closure spaces in a sense Gerla et al. [1] . We define subspaces and products of two families of fuzzy closure systems and fuzzy closure spaces. In particular, two families F (S) and F (C) of fuzzy closure systems and fuzzy closure operators on X are complete lattice isomorphic.
Preliminaries
In this paper, let X be a nonempty set, I = Let C 1 and C 2 be fuzzy closure operators on X. We say that C 1 is finer than C 2 (C 2 is coarser than C 1 ), denoted by C 2 C 1 , if and only if C 1 (λ) ≤ C 2 (λ), for all λ ∈ I X . A subset S of 2 X is called a closure system [2] if it satisfies:
is called a fuzzy closure system on X if it satisfies: (S1)1 ∈ S, (S2) if λ i ∈ S for all i ∈ Γ, then i∈Γ λ i ∈ S. The pair (X, S) is called a fuzzy closure system. Let S 1 and S 2 be fuzzy closure systems on X. We say that S 1 is finer than S 2 (S 2 is coarser than S 1 ) if and only if S 2 ⊂ S 1 . 
Then (X, C S ) is a fuzzy closure space.
Theorem 2.4 ([1]).
(1) Let C be a fuzzy operator on X satisfying (C1) and (C2). Define
Then S C is a fuzzy closure system on X such that
Remark 2.5.
(1) A closure system is often called a Moore family (ref. [2, 9] ).
(2) A fuzzy closure space (X, C) is called topological if C(0) =0 and [10] ). (3) Let (X, T ) be a fuzzy topological space (ref. [5] ). Then S T = {λ ∈ I X |1 − λ ∈ T } is a fuzzy closure system and C T (λ) = {µ ∈ I X | µ ≥ λ,1 − λ ∈ T } is a topological fuzzy closure operator on X (ref. [10] ).
(4) Let (X, S) be a closure system. For each A ∈ 2 X , we define an operator cl S : 2
(5) Let cl be an operator on X satisfying (cl1) and (cl2). Define 
Then (X, C) is not a fuzzy closure space. Since C(χ {x} ) = χ {x,y} and C(χ {x,y} ) =1, we havẽ
But (X, C) satisfies (C1) and (C2), by Theorem 2.4, we can obtain the fuzzy closure system S C as follows:
From Theorem 2.3, the fuzzy closure operator C S C on X by induced (X, S C ) is defined by
Fuzzy closure systems and fuzzy closure operators
For each λ ∈ I X and r ∈ I, we denote λ r = {x ∈ X | λ(x) ≥ r}. We obtain fuzzy closure operators and fuzzy closure systems from closure operators and closure systems. 
Then it satisfies the following properties:
(1) C cl is a fuzzy closure operator. 
Then it satisfies the following properties:
(1) S S is a fuzzy closure system on X. 
.
as follows:
Then 
is a fuzzy closure map.
By the definition of C cl 1 (λ), there exists t ∈ I with x ∈ cl 1 (λ t ) such that
On the other hand, since f is a closure map,
Also, there exists x ∈ X with f (x) = y such that
It implies
Hence f is not a fuzzy closure map.
Let (X, S 1 ) and (Y, S 2 ) be closure systems. A map f : (X,
Definition 3.7. Let (X, S 1 ) and (Y, S 2 ) be fuzzy closure systems.
is a S-map if and only if
is a fuzzy S-map. (
, we have the following:
It follows that
By (3) and Definition 2.1 (C1),
Hence f
The following corollary is similarly proved as in Theorem 4.1. 
Then:
(1) S is the coarsest fuzzy closure system on X for which each f i is a fuzzy S-map.
(
) is a fuzzy S-map if and only if
Proof. (1) We easily prove that S is a fuzzy closure system on X.
is a fuzzy closure system on X, µ ∈ S * , that is, S ⊂ S * . Hence S is the coarsest fuzzy closure system on X for which each f i is a fuzzy S-map.
(2) (⇒) It is trivial because the composition of fuzzy S-maps is a fuzzy S-map.
(⇐) For µ = i∈Γ f 
) is a complete lattice where {1} is the greatest lower bound and I
X is the least upper bound in F (S).
Using Theorem 4.3, we can define subspaces and products in the obvious way. Definition 4.5. Let (X, S) be a fuzzy closure system and A a subset of X. The pair (A, S A ) is said to be a subspace of (X, S) if S A is the coarsest fuzzy closure system on X which the inclusion function i : A → X is a fuzzy S-map. Definition 4.6. Let {(X i , S i ) | i ∈ Γ} be a family of fuzzy closure systems. Let X = i∈Γ X i be a product set. The coarsest fuzzy closure system S = ⊗S i on X with respect to (X, π i , (X i , S i )) where π i : X → X i is projection map is called the product fuzzy closure system of {S i | i ∈ Γ}.
Using Theorem 4.3, we have the following corollary.
Corollary 4.7. Let {(X i , S i )} i∈Γ be a family of fuzzy closure systems, X = i∈Γ X i a product set and, for each i ∈ Γ, π i : X → X i a projection. The structure S = ⊗S i on X is defined by 
Then: (1) S is the coarsest fuzzy closure system on X which for each i ∈ Γ, π i is a fuzzy S-map. (2) A function f : (Y, S ) → (X, S) is a fuzzy S-map if and only if
π i • f : (Y, S ) → (X i , S i ) is a fuzzy S-map, for each i ∈ Γ.→ I X by C(λ) = i∈Γ f −1 i (C i (f i (λ))).
Then we have the following statements:
(1) C is the coarsest fuzzy closure operator on X for which each f i is a fuzzy closure map.
2) A function f : (Y, C ) → (X, C) is a fuzzy closure map if and only if
Proof.
(1) We will show that C is the fuzzy closure operator on X.
(C2) It is trivial.
(C3) For each λ ∈ I X , C(C(λ)) = C(λ) from (C2) and
Hence C is the coarsest fuzzy closure operator on X for which each f i is a fuzzy closure map.
(2) (⇒) It is trivial because the composition of fuzzy closure maps is a fuzzy closure map.
Hence f : (Y, C ) → (X, C) is a fuzzy closure map.
Let µ ∈ S. Then there exists
Theorem 4.9. Let {(X i , S i )} i∈Γ be a family of fuzzy closure systems. Let f i : X → X i be a function and S a fuzzy closure system on X as follows:
Suppose there exists λ ∈ I X such that
Then there exists x 0 ∈ X such that
From the definition of C S (λ), there exists µ ∈ I X with µ ≥ λ and µ ∈ S such that
On the other hand, since µ ∈ S, there exists ν i ∈ I X i such that
It is a contradiction. Hence C S (λ) ≥ i∈Γ f
Theorem 4.10. Let F (C) be a family of fuzzy closure operators on X. For each {C i | i ∈ Γ} ⊂ F (C), we define:
is a complete lattice where C 0 is the greatest lower bound and C 1 is the least upper bound in F (C) defined as follows:
Proof. In Theorem 4.8, let {C i } i∈Γ be a family of fuzzy closure operators on X and
If C is a fuzzy closure operator such that 
We define (
is not a fuzzy closure operator. We obtain S C i as follows:
By Corollary 4.4, we obtain
By Theorem 4.10, we have, for all λ ∈ I
Using Theorem 4.8, we can define subspaces and products in the obvious way.
Definition 4.12. Let (X, C) be a fuzzy closure space and A a subset of X. The pair (A, C A ) is said to be a subspace of (X, C) if C A is the coarsest fuzzy closure operator on X which the inclusion function i is a fuzzy closure map. Definition 4.13. Let {(X i , C i ) | i ∈ Γ} be the family of fuzzy closure spaces. Let X = i∈Γ X i be a product set. The coarsest fuzzy closure operator C = ⊗C i on X with respect to (X, π i , (X i , C i )) where π i : X → X i is projection map is called the product fuzzy closure operator of {C i | i ∈ Γ}.
Using Theorem 4.8, we have the following corollary.
Corollary 4.14. Let {(X i , C i ) | i ∈ Γ} be a family of fuzzy closure spaces. Let X = i∈Γ X i be a product set and, for each i ∈ Γ,
Then:
(1) C is the coarsest fuzzy closure operator on X which for each i ∈ Γ, π i is a fuzzy closure map. (1) f is bijective,
Two lattices L 1 and L 2 are complete lattice isomorphic if there exists complete lattice isomorphism f : (2) In Theorem 4.9, let f i = id X : X → X be an identity map for each i ∈ Γ. Then C i∈Γ S i = i∈Γ C S i . Since f ( i∈Γ S i ) = C i∈Γ S i and i∈Γ f (S i ) = i∈Γ C S i , for any {S i | i ∈ Γ} ⊂ F (S), by Theorem 4.10, f ( i∈Γ S i ) = C i∈Γ S i = i∈Γ C S i = i∈Γ C S i = i∈Γ f (S i ).
Since f ( i∈Γ S i ) = C ∩ i∈Γ S i and i∈Γ f (S i ) = i∈Γ C S i , by Theorem 4.10, for any {S i | i ∈ Γ} ⊂ F (S),
(3) In Theorem 4.8(3), let f i = id X : X → X be an identity map for each i ∈ Γ. For any {C i | i ∈ Γ} ⊂ F (C),
Let g( i∈Γ C i ) = S i∈Γ C i and i∈Γ g(C i ) = i∈Γ S C i , for any {C i | i ∈ Γ} ⊂ F (C). Since i∈Γ C i = C ∩S C i from Theorem 4.10,
By (1), (2) and (3), f is a complete lattice isomorphism. 
